ネンレイ コウゾウカ カンセンショウ モデル ニ タイシテ ノ リサンカ シュホウ オ モチイタ ダイイキテキ アンテイセイ カイセキ ダイ7カイ セイブツ スウガク ノ リロン ト ソノ オウヨウ by 國谷, 紀良
Title年齢構造化感染症モデルに対しての離散化手法を用いた大域的安定性解析 (第7回生物数学の理論とその応用)
Author(s)國谷, 紀良




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University




Graduate School ofMathematical Sciences. Universi!)’ of Tokvo,
3-8-J Komaba Meguro-ku. Tokyo 153-8914, JAPAN
tkuniya@ms.u-tokyo.ac.jp
The global asymptotic stability of each equilibrium of an age-structured multigroup SIR epidemic modeI is stud-
ied. For the model, which is descri bed by a system of partial differential equations, the global asymptotic stability
of an cndemic equilibri um in the situation where the basic reproduction number $\mathscr{R}_{0}$ is greater than unity has been
an open problem for decades. We show it for a corresponding ODE model derived by discretizing the original














$\{\begin{array}{l}(\frac{\partial}{\partial\prime}+\frac{\partial}{\partial a})S(t,a)=-S(t,a)\int_{0}^{\omega}\beta(a, \sigma)1(t, \sigma)d\sigma-\mu(a)S(t,a),(\frac{\partial}{\partial\iota}+\frac{\partial}{\partial a})f(t,a)=S(t,a)\int_{0}^{\omega}\beta(a, \sigma)1(t, \sigma)d\sigma-(\mu(a)+\gamma(a))I(t,a),(\frac{\partial}{\partial_{t}}+\frac{\partial}{\partial a})R(t, a)=\gamma(a)I(t,a)-\mu(a)R(r,a), t>0, 0<a< \text{ }S(t,0)=b, 1(t,0)=R(t,0)=0, t>0.\end{array}$ (].1)
$t$ $a$ ( $\omega>0$ ) $S(t,a)$ $J(t,a)$ $R(t,a)$
$t$ $\mu(a)$
$|$ ( ) DCl
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$\gamma(a)$
$\beta(a, \sigma)$ $a$ $S(\cdot,a)$ $\sigma$ $J(\cdot, \sigma)$
$t$ $a$ $S(t,a)$ ff $\beta(a, \sigma)J(t, \sigma)d\sigma$
$b>0$
( SIR





( ]14] ) SIR





(1.1) $S$ $l$ $R$
:
$\{\begin{array}{l}(\frac{\partial}{\partial t}+\frac{\partial}{\partial a})S_{k}(t,a)=-S_{k}(t,a)\sum_{j=1}^{m}\int_{0}^{\omega}\beta_{kj}(a, \sigma)l_{j}(t, \sigma)d\sigma-\mu_{k}(a)S_{k}(t,a),(\frac{\partial}{\partial t}+\frac{\partial}{\partial a})I_{k}(t,a)=S_{k}(t,a)\sum_{j=I}^{m}\int_{0}^{\omega}\beta_{kj}(a, \sigma)l_{j}(t, \sigma)d\sigma-(\mu_{k}(a)+\gamma_{k}(a))l_{k}(t,a)_{\rangle}(\frac{\partial}{\partial r}+\frac{\partial}{\partial a})R_{k}(t,a)=\#(a)I_{k}(t, a)-\mu_{k}(a)R_{k}(t,0), t>0, 0<a<\omega,S_{k}(t,0)=b_{k}, J_{k}(t, 0)=0, R_{k}(t, 0)=0, t>0, k\in\{1,2, \cdots,m\}.\end{array}$ (1.2)




$\mu_{k}(a)$ $n(a)$ $b_{k}$ $k$ (Ll)
(1.2)
$k$ $S_{k}(\cdot,a)$ $j$ $J_{/}(\cdot, \sigma)$
$\beta_{kj}(a, \sigma)$ $t$ $k$ $a$ $S_{k}(t,a)$

















(1.2) $k$ $\mu_{k}(a)$ $n(a)$
$(0, \omega)$ $k$ $j$ $\beta_{kj}(a, \sigma)$ $(0, \omega)\cross(0, \omega)$
:
1 $a\in(O, \omega)$ $\sigma\in(0, \omega)$ $m$ $(\beta_{kj}(a, \sigma))_{1\leq k.j\leq m}$ /2/
]
(12) $a$ $|10$ ,19
$0=\alpha b<\omega_{1}<\cdots<0*=\omega$ $[0, \omega]$ $n$ $[0, \omega_{1}],$ $[\omega_{1,W]}, \cdots, 1\alpha_{-1}, \omega]$
(1.2) $\mu_{k}(a)$ $(a)$ $\beta_{kj}(a, \sigma)$
$\mu_{k}^{(i)}:=\frac{\int_{\omega_{1-1}}^{1\}}\mu_{k}(a)da}{\omega_{i}-\omega_{i-1}}$ , $\sqrt{k}^{l)}:=\frac{\int_{ol-1}^{1\lambda}1k(a)da}{or-\omega_{i-1}}$ , $\beta_{k/}^{(u)}:=\frac{\int_{at-1}^{t4}\int_{\omega,-1}^{\omega,}\beta_{kj}(a,\sigma)d\sigma da}{((1\}-\infty_{-1})(\omega_{l}-\omega_{l-1})}$ , $i,l\in\{l,2,\cdots,n\},$ $(2.1)$
:
$\mu_{k}(a)=\mu_{k}^{(i)}$ , $?k(a)=\sqrt{k}^{j)}$ , $\forall a\in(al-[,C1\lambda)$ ,
$\beta_{kj}(a, \sigma)=\beta_{kj}^{(il)}$ , $\forall(a,\sigma)\in(ap_{-1}, \omega_{i})x(\omega_{l-1}, \omega_{l})$ , $i,l\in\{1,2, \cdots,n\}$ .
$i\in\{1,2, \cdots,n\}$ $k\in\{1,2, \cdots,m\}$ $\mathbb{R}_{+}$ :
$S_{k}^{(i)}(t)= \int_{\omega_{\iota-1}}^{a_{l}\prime}S_{k}(t,a)da$ , $J_{k}^{(i)}(t)= \int_{a\iota-1}^{0)}J_{k}(t,a)da$ , $R_{k}^{(i)}(t)= \int_{04-I}^{1\lambda}R_{k}(t,a)da$.
$(i-1)$ $i$ ( ) $a^{(i)}$ $a^{(i)}>0$
$(l=1,2, \cdots,n-1)$ $a^{(n)}=0$
$S_{k}(t, a*)=a^{(i)}S_{k}^{(i)}(t)$ , $J_{k}(t, \omega_{i})=a^{(i)}J_{k}^{(i)}(t)$ , $R_{k}(t, a))=a^{(i)}R_{k}^{(i)}(t)$ , $i\in\{1,2, \cdots ,n\}$ ,
56
(1.2) $a$ $\omega_{i-1}$ $\omega_{i}$
SIR :
$\{\begin{array}{l}\frac{d}{dt}S_{k}^{(i)}(t)=a^{(i-1)}S_{k}^{(i-I)}(t)-S_{k}^{(i)}(t)\sum_{j=1}^{m}\sum_{l=1}^{n}\beta_{kj}^{(il)}I_{j}^{(l)}(t)-(\mu_{k}^{(i)}+a^{(i)})S_{k}^{(i)}(t),\frac{d}{dt}/_{k}(i)(t)=a^{(i-1)}J_{k}^{(i-l)}(t)+S_{k}^{(i)}(t)\sum_{j=1}^{m}\sum_{l=1}^{n}\beta_{A\cdot j}^{(il)}f_{j}^{(l)}(t)-(\mu_{k}^{(l)}+\gamma_{k}^{(i)}+a^{(i)})I_{k}^{(i)}(t),a^{(0)}S_{k}^{(0)}(t)=b_{k}, a^{(0)}J_{k}^{(0)}(t)=0, t>0, i\in\{1,2, \cdots,n\}, k\in\{1,2, \cdots,m\}.\end{array}$ (22)
(2.2) $R_{k}(k=1, \cdots,m)$
(2.2) :
2 $\beta_{kj}^{(it)}$ 1 $0$ $\beta_{k/}^{(il)}=\beta_{kj}^{(i)}$ $i,l,k,j$
3 $\mu_{k}^{(i)}+\gamma_{k}^{(i)}$
$\mu_{k}^{(!)}+\gamma_{k}^{(l)}=r_{k}$ $i$ $k$ $r_{k}>0(k=1,2, \cdots,m)$





$/_{k}:= \sum_{i=1}^{n}J_{k}^{(i)}$ 2 3 (2.2)
:




$\{\begin{array}{l}0=a^{(i-1)}S_{k}^{(i-1)*}-S_{k}^{(i)*}\sum_{j=1}^{m}\beta_{kj}^{(i)}I_{j}^{*}-(\mu_{k}^{(i)}+a^{(i)})S_{k}^{(j)*},0=\sum_{i=1}^{n}S_{k}^{(i)*}\sum_{j=1}^{m}\beta_{kj}^{(i)}l_{j}^{*}-r_{k}I_{k}^{*}, i\in\{1,2, \cdots,n\}, k\in\{1,2, \cdots,m\},\end{array}$ (3.1)
$(S_{1}^{(1)*},S_{1,,i}^{(2)*\ldots(nI*}S_{m}*,/,J_{2}^{*}, \cdots,J_{m}^{*})$ $k\in\{1,2, \cdots,m\}$ $J_{k}^{*}=0$
(3.1) (disease-free equilibrium $f14]$ )
$\mathbb{R}_{+}^{(n+1)m}$
$E_{0}:=(S_{1.0}^{(1)},S_{1.0}^{(2)},$ $\cdots,S_{m0}^{(n.)},0,0,$ $\cdots,0)\in \mathbb{R}_{+}^{(n+1)m}$ , (3.2)
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$S_{k0}^{(i.)}:=\{\begin{array}{l}\frac{b_{k}}{\mu_{k}^{(1)}+a^{(1)}}, i=1,\frac{a^{(i-1)}}{\mu_{k}^{(i)}+a^{(i)}}s_{k0}^{(i.1)}=\frac{b_{k}}{\mu_{k}^{(1)}+a^{(1)}}\prod_{l=2}^{i}\frac{a^{(l-1)}}{\mu_{k}^{(l)}+a^{(l)}}, i\in\{2,\cdots,n\},\end{array}$ $k\in\{1,2,\cdots.m\}$ ,




([5. 14, 20]) (2.3)
[20]
$F:=(\sum_{i=1}^{n}S_{k.0}^{(i)}\beta_{kj}^{(i)})_{1\leq k.j\leq m}=(\begin{array}{lll}\sum_{i=l}^{n}S_{10}^{(j.)}\beta_{11}^{(i)} .\cdot \sum_{i=1}^{n}S_{I0}^{(i.)}\beta_{1m}^{(i)}| . |\sum_{i=1}^{n}S_{m.0}^{(i)}\beta_{m1}^{(i)} \cdots \sum_{i=1}^{n}s_{m.0}^{(i)}\kappa_{m}^{(i)}\end{array})$ ,
$E_{0}$ (2.3)




$\frac{\Sigma_{-1}^{n}S_{m0}^{(i|}\beta_{\pi m}^{(i)}:}{r_{m}}\frac{\Sigma_{.1}^{n},S_{10}^{(i)}\beta_{1m}^{(l)}}{r_{m}})$ . (3.3)
$\mathscr{R}_{0}$
$\mathscr{R}_{0}=\rho(K)=\sup\{|\lambda|;\lambda\in\sigma(K)\}$ , (3.4)
$\rho$ $()$ $\sigma$ $()$
$\mathbb{R}_{+}^{(n+I)m}$ $\Omega$
$\Omega:=\{(S_{1}^{(1)},$ $\cdots,S_{m}^{(n)},J_{1},$ $\cdots,J_{m})\in \mathbb{R}_{+}^{(n+1)m}|0<S_{k}^{(i)}\leq S_{k0}^{(i.)},\sum_{i=1}^{n}S_{k}^{(i)}+J_{k}\leq\frac{b_{k}}{d_{k}},\dot{l}\in\{1, \cdots,n\},$ $k\in\{1, \cdots,m\}\}$ ,
(3.5)
[15] :
31 $\mathscr{R}_{0}$ $\Omega$ $(3.2)$ $(3.4)$ (35)
(2.3) :
(i) $\mathscr{R}_{0}\leq 1$ $\Omega$ $E_{0}$ $E^{*}$






(1.2) $m=2$ 1 2
$\omega$ 100 18]
$\mu_{1}(a)=\{\begin{array}{l}o.]\alpha)0(a-5)^{2}/25+0.0063, 0\leq a\leq 5,0.0058 (a-5)/45+0.0oe3, 5\leq a\leq 50,0. 1622 (a-50)^{2}/1l56+0.0121, 50\leq a\leq 100,\end{array}$






$\beta_{11}(a)=\beta_{12}(a)=\beta_{21}(a)=\{\begin{array}{l}-0.1(a-30)^{2}/225+0.11, 15\leq a\leq 45,0.01, otherwi se,\end{array}$
$\beta_{22}(a)=\{\begin{array}{l}-(a-30)^{2}/225+1.1, i5\leq a\leq 45,0. 1, otherivi se,\end{array}$
1 2
(1.2)
$[0,100]$ 100 $[0,1],$ $[1,2],$ $\cdots,$ $[99,100]$
$a^{(i)}=1\forall i\in\{1,2, \cdots,99\}$ $a^{(1\infty)}=0$ (1.2)
$\{\begin{array}{l}\frac{d}{dt}S_{1}^{(i)}(t)=S_{1}^{(l-1)}(t)-S_{1}^{(t)}(t)(\beta_{11}^{(i)}J_{1}(t)+\beta_{12}^{(i)}J_{2}(t))-(\mu_{1}^{(i)}+a^{(i)})S_{1}^{(i)}(t),\frac{d}{dt}I_{1}(t)=\sum_{i=1}^{100}S_{1}^{(i)}(t)(\beta_{11}^{(i)}J_{1}(t)+\beta_{I2}^{(i)}l_{2}(t))-0.41_{1}(t),\frac{d}{dt}S_{2}^{(i)}(t)=S_{2}^{(i-\mathfrak{l})}(t)-S_{2}^{(i)}(t)(\beta_{21}^{(i)}f_{1}(t)+\beta_{22}^{(i)}f_{2}(t))-(\mu_{2}^{(i)}+a^{(j)})S_{2}^{(i)}(t),\frac{d}{dt}l_{2}(t)=\sum_{i=1}^{100}S_{2}^{(i)}(t)(\beta_{21}^{(i)}l_{1}(t)+\beta_{22}^{(i)}I_{2}(t))-0.4I_{2}(t),S_{1}^{(0)}(t)=\frac{1}{46.6495}, S_{2}^{(0)}(t)=\frac{1}{42.9635}, i\in\{1,2, \cdots, 100\},\end{array}$ (4.1)
$\beta_{kj}^{(i)}$ $\mu_{k}^{(i)}(k,j\in\{1,2\}, i\in\{1, \cdots, 100\})$ (2.1)
(4.1) $\mathscr{R}_{0}$ (3.3)
$\mathscr{R}_{0}=1.05425>1$
$(S_{1}^{(i)}(0),S_{2}^{(i)}(0),J_{1}^{(i)}(0),I_{2}^{(i)}(0))=(0.009$, 0.009, 0.001, 0.001 $)$ , $\forall i\in\{1,2, \cdots, 100\}$ , (4.2)
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1(a) $J_{1’}^{()}$ ( $]$ $\leq i\leq[\infty)$ (b) 11 $J_{-}^{(\prime 1}(1\leq i\leq l0)$
$I_{1}(t)+I_{2}(t)$
$0.000 \frac{\ovalbox{\tt\small REJECT}|_{(\prime’\prime^{\prime^{\prime’}}----\vee^{--\vee^{\vee}}\prime}.\prime^{-------}\text{ }|}{01\alpha)2\alpha)3004()050060}t0.\alpha)20.0040.0()600080..010.\cdot\cdot\cdot 0$
(c) $[|$ $J_{1}(t)+J_{\wedge}( t)=\sum_{1^{-I}}^{1\propto)}l_{1’}^{()}(t)+J_{-}^{(\prime)}(t)$
1: (fo $=1.05425>1$ )
($J_{1}= \sum_{i=I}^{10}J_{1}^{(i)}$ $J_{2}= \sum_{i=1}^{I0}J_{2}^{(i)}$ ) 1
$E^{*}$ 3.1 (ii)
$\beta_{11}(a)=\beta_{12}(a)=\beta_{21}(a)=\{\begin{array}{l}-0.1(a-30)^{2}/225+0.11, 15\leq a\leq 45,0.01, otherwise,\end{array}$
$\beta_{22}(a)=\{\begin{array}{l}-(a-30)^{2}/225+0.\mathfrak{B}, 15\leq a\leq 45,0.09, otherwise,\end{array}$
$\mathscr{R}_{0}=0.95143<1$
(4.2) $0$ $($ $2)_{\text{ }}$
$E_{0}$ 31 (i)
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